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I. INTRODUCTION: WAVES IN PERIODIC MEDIA -A SHORT CHRONOLOGY
The first quantitative study of wave propagation in a periodic medium was considered and published by Newton 1 in 1686. The model system was a one-dimensional chain of identical masses connected with identical springs between nearest-neighbors. This discrete system was used for deducing the sound velocity in air. Subsequently, Newton's model and its extensions were studied in the 18 th , 19 th , and 20 th centuries by several researchers. This early literature is briefly presented in the excellent book by Brillouin 2 where the mathematical equivalence of the wavy propagation of displacements in mechanical periodic systems (both discrete and continuous), of electrical current in periodic electrical lines, and of the electronic wavefunction in crystals was recognized and exploited. A milestone in this long process towards understanding wave propagation in periodic media was the Floquet theorem for one-dimensional systems and its extension by Bloch in 1928, who applied it to the motion of electrons in crystalline solids marking the birth of modern Solid State Physics 3, 4 based on the concepts of bands and gaps (pass and stop bands in engineering terminology). The knowledge of electronic motion in solids was supplemented by the understanding of the ionic motion obtained by a three-dimensional extension of the old Newton model. The development of Solid State Physics was followed by the discovery of transistor in 1948 and the subsequent technological explosion. From the conceptual point of view, the next milestone was the study of the consequences on the electronic motion of gradually introducing disorder in a periodic crystal. Anderson in a seminal paper of 1958 5 proposed that disorder, if strong enough, may localize the electrons, i.e. may trap them in a finite region of space leading thus to a disorder induced metal-insulator (M-I) transition. Temperature and correlation effects play was followed by several others in the 90s and the field of Phononic Crystals and later the related field of Phononic Metamaterials grew tremendously, driven also by many applications.
In our quest for composite systems exhibiting phononic gaps several parameters other than the three material ones (for each component) play a role: One such parameter is the topology which usually is either of the cermet type or the network type. In the cermet topology the phononic system consists of a host material in which identical inclusions are embedded and usually arranged in a periodic way. The inclusions can be of any shape or composition but do not touch each other so that each inclusion is completely surrounded by the host material. The latter forms a continuous network so that any two points in the host can be joined by lines lying entirely within the host. In the network topology the "inclusions" are connected to each other so that any two points also in inclusions can be joined by lines laying entirely within the inclusions; in the network topology the distinction between host and inclusions may not be meaningful anymore. However, the term "inclusions" is still used for the component which occupies the smaller volume fraction. An example of cermet topology is the case of bubbles in water. 11 An example of network topology is the so-called layer-by-layer structure (known also as woodpile structure) proposed by the Iowa group 8, 12 and shown in Fig. 1 . Other parameters which influence the appearance and the size of gaps are the lattice structure formed by the inclusions, the geometrical shape of the latter and their volume fraction. Usually the host material is air, or a liquid, or a solid material. The inclusions in most of the cases consist also of a single material (air, liquid, or solid) but in some cases are of composite nature, e. g. coated spheres.
In the present paper we review some important issues and some older and recent results concerning the wave propagation in phononic crystals and we comment on the conditions for the creation of phononic band gaps. Moreover, we present some recent results on phononic systems, demonstrating interesting metamaterial properties and capabilities in such systems, such as negative refraction, subwavelegth guiding, and sensing.
More specifically, the rest of the paper is organized as follows: In Section II we discuss the role of single particle resonances in the propagation characteristics of a periodic phononic, and in general classical, system; in Section III we present a short review of the methods for the solution of acoustic and elastic wave equations in isotropic media, which are shared also by the EM wave equation, and The layer-by-layer structure. 8, 12 in Section IV we present some important results and conclusions regarding band and gap formation in phononic crystals. To analyze some of those results we evoke similarities of the classical wave equation (to which the solution of acoustic and elastic wave equations is reduced) with Schrödinger equation. The second part of the paper (Section V) concerns phononic systems as metamaterials. There we demonstrate negative refraction and pentamode-like behavior in different phononic crystals, subwavelength propagation in a chain of elastic scatterers showing strong sub-wavelength resonances, and the potential of phononic crystals to act as efficient liquid sensors. The paper ends with our conclusions and perspectives of the phononic crystal research.
II. THE ROLE OF RESONANCES
We consider here a two-component phononic system of the cermet topology. Since band gap creation is a result of strong scattering and destructive interference of the multiply scattered waves, a necessary (but not sufficient) condition for such a system to exhibit gaps in the propagation of acoustic or elastic waves is the following: The scattering cross-section σ sc of such a wave by a single inclusion embedded in the host material must be sufficiently large, meaning that it must be considerably larger than the inclusion's geometric cross-section, s g . For this to occur the material parameters of the inclusion must be quite different from those of the host. Even if this condition is satisfied the ratio σ sc / s g is not everywhere (i.e. for all frequencies) larger than one. Quite often it exhibits peaks at certain frequencies and in between these peaks the values of the ratio σ sc / s g frequently can be less than one. If these peaks are pronounced enough we call them resonances. A resonance is characterized by its maximum value and by its width at half maximum. The larger the ratio maximum/width, the more pronounced the resonance is. A pronounced resonance resembles a bound state in the sense that the incoming wave is trapped around the scatterer for a long time (but not infinite, as in the bound state case) and, spatially, is concentrated around the scattering center (but does not decay exponentially for large distances as in the bound state case). Periodic arrangement of strong scatterers may facilitate the creation of gaps, since it may lead to systematic destructive interference. Resonances are of two types: One is of geometric nature (Mie resonance), which depend strongly on the ratio λ in / d, where λ in is the wavelength within the inclusion and d is the linear size of the inclusion; in simple cases this type of resonance occurs when λ in / 2d ≈ 1 / n, where n is positive integer. However, in the case of elastic waves the situation is considerably more complicated, since the scattering cross-sections for longitudinal or transverse incoming waves are given by different and rather complicated expressions even for homogeneous inclusion of simple geometrical shape such as spherical. 13 The second type of resonances is usually independent or weakly dependent on the wavelength, but strongly dependent on the frequency as a result of the inclusions possessing eigenfrequency(ies) associated with their very nature or structure. An example of this type is the case of a lead spheres coated with a rubber and embedded in an epoxy host.
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III. WAVE EQUATIONS AND METHODS FOR THEIR SOLUTIONS
To reach conclusions for the elastic and acoustic wave equation in isotropic composites and their solutions we often, following Brillouin's approach, exploit their mathematical similarities with Schrödinger equation and/or electromagnetic wave equation. Hence, in order to easily explore and refer to such similarities, we present all the basic, wave-related partial differential equations of physics.
Schrödinger scalar equation:
In Eq. (3.1) ψ is the wavefunction, m is the mass of the particle, = h / 2π is the reduced Planck's constant, V(r) is the potential energy experienced by the particle, and E is its total energy.
Helmholtz scalar equation:
ω is the angular frequency and c(r) is the velocity of the wave.
Acoustic waves in isotropic fluids:
Here u(r) is the displacement vector, ρ(r) is the density, and λ(r) is one of the Lamé coefficients. 15 By introducing the pressure, p(r) ≡ −λ(r)∇ · u(r), the above equation becomes
Elastic waves in isotropic solids (summation over repeated indices is implied):
In Eq. (3.4) µ is the other Lamé coefficient. 15 Lamé coefficients are connected with the longitudinal and transverse sound velocities in homogeneous media as follows:
Electromagnetic waves:
Here H(r) is the auxiliary magnetic field, ε(r) is the permittivity, and µ(r) is the permeability. Notice that, if the density ρ(r) is a constant, Eq. (3.3b) is reduced to Eq. (3.2) and, therefore, becomes mathematically equivalent to Schrödinger equation. In the next section we shall exploit this equivalence and results from Solid State Physics to reach conclusions regarding the appearance of gaps in the Helmholtz equation (3.2) .
There are several methods for solving the above equations in inhomogeneous media. All of them involve at some stage numerical techniques and some approximations which usually are controlled. For periodic systems, the most common method is the Plane Wave Expansion (PWE), according to which the known coefficients in Eqs. (3.2) to (3.5) are expanded in Fourier series and for the unknown yet fields the Bloch theorem is applied. Another method is based on the calculation of the scattering amplitude by a single inclusion for an incident wave which, however, involves the scattered waves from all other inclusions. If the system is periodic, by using the Bloch theorem, the resulting set of equations can be solved by an approach well known in Solid State Physics under the initials KKR; if there is no periodicity, only systems of not so large size can be solved by this method known as Multiple Scattering Formalism (MSF). A successful application of the multiple scattering formalism was applied 16 to a system of glass spheres placed randomly in a water host and studied experimentally by J. H. Page et al. 17 We mention also the Transfer Matrix (TM) formalism which is a combination of the multiple scattering method applied to two-dimensional planes and the transfer matrix approach from plane to the next plane. 18 Finally, an extensively used method is the Finite Difference Time Domain (FDTD) which solves numerically the time dependent equation resulting from equations (3.2) to (3.5) by replacing ω 2 by −∂ 2 /∂t 2 and taking the Fourier transform of the time dependent solutions. It is worth-mentioning here that the FDTD method shows great power not only in the calculation of the eigensolutions of the wave equation for infinite periodic systems but mainly in calculating the response of finite systems, both periodic and random, to an incoming incident wave. (MSF and TM methods show also the same potential.) In Fig. 2 we show and compare representative results of the PWE method and the FDTD.
IV. PHONONIC CRYSTALS AND PHONONIC BAND GAPS
A. Equivalence of classical/acoustic wave equation and Schrödinger equation
As was mentioned earlier, to conclude about the existence of bands and gaps in a periodic elastic or acoustic system we often exploit similarities between Helmholtz equation (in which the solution of elastic and acoustic wave equations can be recast under certain conditions) with Schrödinger equation.
By inspection of these two equations, Schrödinger (3.1) and Helmholtz (3.2), it is clear that there is the following correspondence:
. It follows from the positiveness of ω 2 / c(r) 2 that for gaps to appear in Eq. (3.2), gaps must exist in Eq. (3.1) for E larger than the maximum value V M of the potential energy V(r); usually we chose the zero of energy to coincide with V M : V M = 0. Moreover, a local increase of V M − V(r), such as the creation of a potential well, corresponds to a local decrease ofc(r) 2 , i.e. to a local introduction of an inclusion of lower sound velocity than the host. Since a potential well tends to pull out of the conduction band and into the gap a local eigenstate, 19 it is implied that (in the presence of an already existing gap) an extra local
The shaded regions in the plane, energy vs depth of the potential, correspond to electronic gaps for E >0. Each such region is dominated by the indicated spherical harmonic. The ω 2 axis for the Helmholtz equation is also shown; its slope is equal to
region of smaller sound velocity tends to pull out of the upper band an eigenmode localized around this lower velocity region and of frequency in the upper part of the gap. In contrast (in the presence of an already existing gap), an extra local region of higher speed of sound tends to push up and out of the lower band an eigenmode localized around this extra region and of frequency in the lower part of the gap. Examples of such a behavior are presented in Ref. 9 . In Fig. 3 it is shown how the results of the electronic case (characterized by a, (E / E 0 ), −(V 0 /E 0 ), the volume fraction f , and the lattice structure, where E 0 ≡ 2 /2m a 2 ) can be used for reaching conclusions regarding the Helmholtz equation (characterized by a, ω 2 , c h , c i the volume fraction f , and the lattice structure). 20, 4 The shaded regions are the regions of gaps for positive energies E (i.e. E> V M = 0 ) for a periodic electronic system where V(r) = −V 0 (V 0 > 0) for r inside any of the identical spherical regions of radius a arranged in a fcc lattice and V(r) = 0 for r outside these spherical regions. The correspondence between the Schrödinger and the Helmholtz equations are:
Thus the highest the contrast between the velocities of sound in the host, c h , and the inclusions, c i , the closer the ω 2 axis in Fig. 3 comes to the horizontal axis and, therefore, more and wider gaps appear in the Helmholtz case.
B. Relation between gaps of a periodic system and scattering cross-section by a single inclusion
It has been shown 21 that large gaps appear in elastic wave propagation in periodic composites composed of solid host/solid inclusions when the mass density of the inclusions is much higher than that of the host and their sound velocities are comparable to or even larger than those of the host. In this case quite often the scattering cross-section by a single inclusion as a function of frequency shows a behavior as in Fig. 4 , where the peaks are due to resonances (usually Mie type). 13 To reveal the hidden meaning of this frequency dependence of the single inclusion scattering cross-section we repeat the cross-section calculations in a system where the inclusion has been replaced by a rigid material (with ρ → ∞, λ → ∞, µ → ∞, c l → 0, c t → 0, where λ and µ are the Lame coefficients) of the same shape and size. This second calculation is very useful because it helps to identify in each frequency region whether the propagation in the periodic system takes place by employing mainly the host material or the inclusions.
The above mentioned analysis showed that the rather high cross-section values (background scattering) between the peaks of the cross-section shown in Fig. 4 are attributed to propagation of the wave by avoiding the inclusion. A representative realistic case where this picture applies is the case shown in Fig. 5 , concerning an Ag spherical inclusion in epoxy host, 22, 23 where ρ i /ρ h = 9.83. The cross-section by such an inclusion is shown in Fig. 5 with the inclusion replaced by rigid material (ρ → ∞, λ → ∞, µ → ∞, c l → 0, c t → 0), which, as such, does not allow the penetration of the field in its interior.
In the rigid case the peaks disappear (see Fig. 5(b) ) and the scattering cross-section is almost independent of the frequency and about equal to the value between the peaks in Fig. 5(a) . In Fig. 5 (c) the cross-section obtained as the square of the absolute value of the difference between the scattering amplitudes of Figs a and b is plotted; it confirms that the high cross-section values between the resonances are due to propagation exclusively through the host material. This single scattering behavior leads us to the following picture for the elastic wave propagation in a system where the much heavier than the host inclusions have been arranged in a periodic lattice: There are two channels of propagation. The first one is utilizing almost entirely the host material and avoids the inclusions; it is the dominant one for frequencies between the peaks in the single scattering cross-section. The second channel is utilizing the resonances of the inclusions and propagates by hopping from one resonance to the identical ones of the neighboring inclusions in a way similar to the propagation of electrons in solids through a Linear Combination of Atomic Orbitals (LCAO); this second channel is dominant for frequencies around the resonances. If both of these channels are not contributing (the second one does not exist far away from the resonances and the first one is almost blocked if the scattering cross-section between resonances is very high), then a gap is expected. The conclusion is that for gaps to appear in periodic systems, the single scattering cross-section must exhibit resonances further away from each other with a high background scattering cross-section between them. The gap is expected to occur for In Fig. 6 the same analysis as in Fig. 5 is applied for a case of a two-dimensional fluid/solid system composed of poly-ethylene oxide (PEO) cylinders in anodic porous alumina (APA) host, 24 where, in contrast to the previous case of Ag in epoxy, the density of the inclusions (ρ = 1045 kg m −3 ) is much smaller than that (ρ = 3700 kg m −3 ) of the host.
In the present case to analyze the propagation paths one may attempt to replace the inclusion (not by a rigid sphere) but by air sphere representing the limiting case where the density of the inclusions tends to zero. By inspection of Fig. 6 and on the basis of the previous analysis we would expect a rather wide gap in the region around 10 GHz, since there the scattering cross-section for air is at least twice as large as the geometric cross-section and the resonances are not located nearby (their frequencies are around 7.5 GHz for the lower one and around 12.5 GHz for the upper one).
However, both experimental data and numerical simulations in two-dimensional hexagonal periodic system of PEO cylinders in APA 24 have shown no gap at all, although a very pronounced flat dispersion relation was exhibited at 7.5 GHz and a less pronounced one at 12.5 GHz. Such a pronounced flatness in the dispersion relations indicates the presence of a strong resonance in agreement with the results of Fig. 6 . On the other hand, the absence of gap around 10 GHz requires an explanation. We think that the different behavior in gap formation between the cases of Figs 5 and 6 is due to the essential difference between a rigid inclusion (which allows no displacement either in its interior or at its interface with the host) and an empty space (which allows no field in its interior, but easily permits displacements of the host at its interfaces). As a result of this difference the propagation in the case of vacuum inclusions does not imply exclusive utilization of the bulk or the host but involves the contribution of the interfaces. Consequently the argument of only two channels of propagation breaks down.
The role of vacuum or air inclusions becomes even more pronounced in the case where the host is liquid, as in the particular example of bubbly water. 11 In Fig. 7 the scattering cross-section by a single bubble in water is shown. 4 A very strong resonance at low frequency, called Minnaert resonance, appears.
The frequency of this resonance, f = (3174/a) Hz, with a in mm, is determined by the sound velocity in air (c i ) and by the ratio of densities between the two materials. This resonance is so strong that dominates the sound propagation in bubbly water even if the volume fraction occupied by the bubbles is very low. Other extremely sharp resonances are also present as shown in Fig. 7 .
In Fig. 8(a) we show the band structure of periodic arrangement of air bubbles in water for air volume fraction of only 1%. 11 Notice the lowest band exhibiting a sound velocity of only 90 m s −1 . This very low value can be understood in terms of the relation c =  B eff / ρ eff , where the effective bulk modulus, B eff (equal to the Lame coefficient λ eff for fluids), is controlled to a large extent by the compressibility of air, while the effective density, ρ eff , is essentially that of water. There is also a wide gap starting just above the Minnaert frequency and terminating at about ω a/c 0 ≈ 2. The existence of a gap is confirmed by the calculation of the transmission coefficient through a slab of bubbly water containing 7 × 7 × 3 bubbles, which is shown in Fig 8(b) for both periodic and random systems. Because of the very strong scattering the multiple scattering effects play crucial role in the wave propagation through this system even for very low frequencies and low bubble volume fractions. To illustrate this point we did the same calculation in Fig. 8(c) as in Fig. 8(b) but without multi scattering effects, i.e. by assuming that the incoming wave is scattered only once. The low frequency results in Fig. 8(c) are in complete disagreement with the actual ones proving thus the crucial role of multiple scattering even for this very low volume fraction of bubbles.
C. The role of topology and lattice structure in gap formation
In periodic systems and for a particular direction of the crystal wavevector k there are always gaps. The concept of gap the way we are using it in the present work means that it is present for all directions of k. If there were spherical symmetry in the lattice, a gap in a particular direction would imply a gap in all directions. Of course, spherical symmetry and Bravais lattice are incompatible. The lattice structures closer to a spherical symmetry are the close-packed ones such as fcc or hcp. Therefore, it is reasonable to expect that the most favorable (for gap creation) structures are the fcc and the hcp. This expectation is realized for the scalar Helmholtz equation and for acoustic and elastic waves. However, it turns out that for EM waves the most favorable (for gap creation) lattice structure is the diamond one (or diamond-like), 21 in spite of the fact that it is an open structure with only four nearest neighbors and as far away from a spherical symmetry as possible. Apparently, this unexpected behavior must be related with the exclusively transverse character of EM waves and the absence of s-wave scattering from spherical objects. 25 However, to the best of our knowledge, no explicit explanation for this "peculiar" behavior of EM waves is available.
Another aspect where the EM waves behave differently from the other classical waves is the topology: In acoustic and elastic waves gap formation is favored by the cermet topology (Ref. 4 , p. 449) where isolated scatterers are fully surrounded by the host material. On the other hand EM waves form gaps easier for the network topology where the scatterers form a connected network. 7 Again, to the best of our knowledge, there is no explanation for this difference.
V. PHONONIC METAMATERIALS
A. Phononic metamaterials and negative refraction
The last 15 years have witnessed the development and applications of novel composite materials possessing properties not encountered in natural materials. Most impressive among them are the socalled left-handed or negative index metamaterials exhibiting over a frequency range negative permittivity and permeability. As a result new and unexpected phenomena appear, such as negative refraction, flat lenses, violation of the diffraction limit, invisibility cloaking etc. Following these impressive developments for the propagation of EM waves, similar directions were pursued for controlling the flow of acoustic and elastic waves. 26, 27 An example is the achievement and demonstration of negative refraction in phononic crystals (see, e.g., Ref. 28) , as shown in Fig. 9 .
In 1995 Milton and Cherkaev 29, 30 showed that all mechanical materials can in principle be synthesized by combining pentamodes. The latter are artificial solids such that the ratio of bulk modulus to shear modulus is very large, ideally infinite. Pentamodes are the elastic analog of negative index metamaterials in optics. Recently, Kadic et al., 31 by employing the sophisticated technique of dip-in-direct-laser-writing, fabricated a three dimensional structure which approaches the ideal pentamode behavior; the dispersion relations for elastic wave propagation in this structure were calculated 32 and measured, 33 confirming the almost pentamode behavior. A well-known structure which was studied also as elastic metamaterial 34 is the layer by layer structure shown in Fig. 1 . It was found that this structure exhibits a very large ratio of longitudinal to transverse sound velocities, approaching the ideal pentamode behavior. The additional significance FIG. 10 . The computational cell (which is identical to the unit cell) of the new simple cubic structure studied in this work. The width of each rod of square cross-section is symbolized as w at its thick part and s at its thinner part.
FIG. 11. The band structure of the new simple cubic phononic crystal (see Fig. 10 and the text) for propagation along two different directions. The horizontal axis is the normalized k-vectors along each direction. (a) z-direction (which is the same as the x and y directions due to symmetry) and (b) diagonal direction between y and z axes. Solid line is for the field component along the z-axis, dashed line is for the field component along the x-axis (the component along y-axis is due to symmetry the same as the component along x-axis for case (a) and z-axis for case (b)).
of this result is that the layer-by-layer (a) permits very easy fabrication, and (b) acts as an efficient photonic crystal as well, allowing the possibility of simultaneously molding the flow of both elastic and EM waves.
We report here results for a new structure which was studied as a candidate for pentamode behavior and other interesting elastic metamaterial properties. The structure has a simple cubic symmetry with connecting silicon rods, as shown in Fig. 10 . A great advantage of the structure is that it can be also easily fabricated, as the one studied in Ref. 34 .
For the calculation of the band structure the FDTD method was used. In the calculations only one unit cell was employed with Periodic Boundary Conditions (PBC) along each direction, as a result of the Bloch theorem. The excitation, taken as a Gaussian pulse in time, was located at one low symmetry point of the unit cell. The components of the displacement vector as a function of time were collected in the detection point (in another low symmetry point of the unit cell). However, the results are not dependent on the location of the excitation or the detection point. Each component was Fourier transformed. The resulted spectrum consisted of well-defined resonant peaks that correspond to band structure points for the particular k vector. The dimensionless k vector components along the three examined directions in k space are defined as k y = 2π/c, k z = 2π/c and k y z = 2π/ √ 2c respectively, where c is the unit cell size along the three unit cell directions. Changing the k vector value used in the PBC, the band structure could be obtained. In our calculations the highest value of the k vector was 0.5 starting from 0 and the step size was 0.1. Due to the cubic grid used in the FDTD calculations, a 3D orthogonal lattice was used as computational cell (coinciding with the irreducible cell) consisting of 120 by 120 by 120 grid points along x, y, and z axes, respectively.
The phase velocities of the longitudinal and transverse waves propagating in the structure could be calculated from the slopes of the branches emerging from the Γ (k=0) point of the band structure. This is an accurate calculation in the limit of very small values of k vector. The calculation of the phase TABLE I. Results of the silicon simple cubic structure of Fig. 10 with c=1µm and w/c=20/120, for different s/c ratios. For each field component the index l-l or t-l indicates the longitudinal-like and transverse-like modes of the field respectively. velocities from the band structures could give information about the parameters of the structure that affect each velocity. Silicon is the material considered for this structure which is assumed an isotropic material for the calculations of this work. Notice that an incident longitudinal wave will develop in general transverse components as well, as it propagates through the structure; so it is more accurate to speak for "longitudinal-like" and "transverse-like" components of the field. A characteristic band structure result of the new structure is shown in Fig. 11 . The band-structure was calculated for c=1µm, w/c=20/120 and s/c=8/120, where w is the width of each rod at its thicker part and s the width of each rod at its thinner edge. In all cases the length of the thinner section of the rods is c/3 (see Fig. 10 ). It should be mentioned here that the results can be scaled inversely proportional to the lengths. As can be clearly seen from Fig. 11 the slope of the transverse-like modes (dashed lines) is significantly smaller than the slope of the longitudinal-like modes (solid lines) when frequency tends to zero. There is also a wide frequency region, from about 0.2 to 0.6 GHz, where only the longitudinal-like mode exists in both directions. It is important to mention here that x, y and z directions are by symmetry equivalent; for that reason only results for the k z and k y z direction are shown. k y z indicates the diagonal direction between y and z axes.
s/c
Performing additional calculations for several values of s/c (keeping c=1µm, w/c=20/120 and length of the thinner section of the rods c/3) and examining how the velocity of each component of the wave is affected by changing the ratio s/c, we found the results presented in Table I . (It should be mentioned here that the results can be scaled in any other value of c, assuming that the sound velocities and density are independent of frequency.) We considered values for s/c equal 8/120, 10/120, 12/120, 14/120. The ratio of the longitudinal wave velocity over the transverse velocity in each case is shown in the last column of the Table I . We can clearly see that for s/c=8/120 and the k z direction the ratio c l /c t reaches the value 14.5, which is higher than the values achieved by employing the structure of Ref. 34 . The high c l /c t values achievable with the new structure along with its ease in fabrication make it a promising pentamode-like elastodynamic metamaterial.
B. Propagation through linear combination of resonances
In a recent publication 35 the propagation of EM waves along a series of inclusions embedded in a host of permittivity (ε) near zero (ENZ) was studied. It was shown that this propagation takes place by hopping from one inclusion to the next through utilization of resonances in a way analogous to the linear combination of atomic orbitals (LCAO) in electronic wavefunctions in solids. The role of atomic orbitals is played by the resonances; the electric field at those resonances is well localized around the inclusions, resembling the form of p-like atomic orbitals directed along the propagation direction. In the present work we demonstrate a way of propagation of elastic waves which is quite similar to that of Ref. 35 . The system consists of a series of lead spheres coated by epoxy and arranged periodically in a straight line within a lead host, as shown in Fig. 12 .
In Fig. 13 (a) the scattering cross-section by a single coated sphere embedded in lead is shown. A strong resonance can be seen for transverse incidence wave, appearing at f =3.14 kHz.
The absolute value of the displacement field at that resonance is shown in Fig. 13(b) . Notice that the field is strongly confined within the coated sphere, in particular around the internal interface. In the perpendicular to the incidence direction there is almost zero escape of the field. On the other hand, the incidence direction is the only one where the field extends outside the coated sphere to some non-negligible degree, by developing the two lobes reminiscent of the p-type atomic orbitals. As a result of this behavior we expect a strongly confined propagation along the chain, similar to the one observed in aromatic hydrocarbons (e.g. benzene), or in graphene ribbons, or in the system studied in Ref. 35 . Indeed this is the case as shown in Fig. 14 , where the propagation of an elastic wave along FIG. 14. Propagation of elastic waves along a chain of seven coated spheres as in Fig. 12 for four different frequencies around the f=3.14 kHz resonance discussed in Fig. 13(a) : f =3.08 kHz (a), f =3.11 kHz (b), f =3.14 kHz (c) and f =3.17 kHz (d). The result has been obtained using the Finite Element Method (via COMSOL Multiphysics commercial software). a chain of seven coated spheres, as shown in Fig. 12 , is demonstrated, for various frequencies around the f=3.14 kHz resonance.
C. Liquid sensors based on the layer-by-layer structure
In this part of our work the well-known layer-by-layer structure (see Fig. 1 ) is studied for the first time as a candidate for liquid sensor. This study is prompted by recent results 36, 37 showing that phononic crystals are offering an innovating platform for acoustic liquid sensors.
To examine and demonstrate the sensor capabilities of the structure we examine the transmission properties of the structure if it is immersed in different liquids. For this study, where we used the 3D FDTD method, we employed a sample of four unit cells in the stacking direction (z-direction in Fig. 1 ). Each unit cell contains 4 rods of thickness w s along the stacking direction. The rod-material is considered as silicon, while the same material is placed on top and bottom of the structure in the stacking direction (the structure is considered as infinite in the x-y plane -see Fig. 1 ). Fig. 15 shows the transmission properties of the structure if it is immersed in air, water, propanol and a hypothetical liquid (Liquid 1) for x polarized incident pulse. The material parameters of those materials are listed in Table II The results for the air case (black line in Fig. 15 ) show a first gap at between 1.23 MHz and 2.82 MHz, and a second one between 3.2 and ∼6 MHz. It is clear from the transmission spectrum FIG. 15 . The transmission as a function of frequency for the layer by layer structure (see Fig. 1 ) immersed into air (black line) and different liquids for x-polarized incident pulse (which is identical for y polarized pulse due to the symmetry of the structure). For each figure w/d=10/30; the liquids which were tested are water, propanol and liquid 1 (blue, red and green lines respectively). that there is a significant change on the band gaps edges when different liquids are considered. We can also observe that for x-polarized pulse, transmission peaks appear inside the air band gaps when liquid replaces air, and the position of these peaks depends strongly on the liquid considered. E.g., focusing on the first gap, for water there is a peak at frequency 1.846 MHz, which for propanol moves to 1.758 MHz and for Liquid 1 to 1.553 MHz. The obvious dependence of the frequency of each transmission peak within each band gap on the liquid considered shows that the structure is a promising candidate for liquid sensor applications. Another parameter that can be used for sensing applications can be the significant change of the upper edge of the first band gap when different liquids are considered. This band edge is at frequencies 2.82MHz for the air case, 2.68MHz for water, 2.56MHz for liquid 1 and 2.33MHz for propanol. So it is obvious that when the structure is immersed into different liquids the change of upper edge of the first bang gap could give information for the liquid that the structure is immersed to.
VI. CONCLUSIONS
In the present paper the early work on phononic crystals is discussed and the content of initial paper on this subject is briefly presented. The central role of resonances (either geometric or of inherent material nature) for the creation of gaps is reviewed. The various equations governing wave propagation of (a) electrons in solids (Schrödinger equation), (b) acoustic waves in fluids, (c) elastic waves in solids treated as continuous media, and (d) electromagnetic (EM) waves in matter and in vacuum, are written down in order to exploit possible mathematical equivalences and to point out their differences. As an example of the consequences of equivalences we mention the conclusion that a local region of low sound velocity in fluids is the analog of a potential well for electrons moving within a solid. As far as the differences are concerned it is worth to mention that gap formation for EM waves is favored by the network topology and by open lattice structures such as the diamond and diamond-like ones. In contrast, for acoustic and elastic waves gap formation is favored by cermet topology (where each inclusion is fully surrounded by the host material) and by close-packed lattices such as fcc, or hcp. It is thought that these impressive differences are connected with the absence of longitudinal component in the EM waves, although no convincing explanation seems to exist. Material conditions favoring wide gaps for elastic waves are heavy inclusions in light host, such as, e.g., tungsten in epoxy. One can explain such a behavior by comparing the scattering cross-section by a single inclusion with the one by a rigid inclusion; this analysis reveals that there two channels of propagation, one employing the host material almost exclusively and the other by hopping from inclusion to inclusion employing the resonances in analogy with electron propagation in solids employing the atomic orbitals. This analysis was attempted in the opposite case of a light inclusion in a heavy host. By comparing with the results of a recent experiment, it was found that the above presented picture is not applicable to the case of light-inclusions/heavy-host situation apparently because a third mixed channel of propagation exists with the field concentrated near the interfaces. An interesting extreme case of the light-inclusion/heavy-host case is that of bubbly water where the very strong so-called Minnaert resonance dominates the sound propagation and induces a large gap due to multiple scattering events.
In the last part of the paper several cases of phononic metamaterials were studied. Some of them exhibit negative refraction. Others, such as the well-known in the field of photonic crystals layer-by layer structure, show pentamode-type behavior; this behavior is important for realizing transformation elastodynamics and possibly elastic wave cloaking. The same structure was studied as liquid sensor. Finally, an elastic system was designed and studied behaving in a way analogous to the EM case where the host has permittivity ε almost zero (ENZ) and the EM wave propagates along a narrow channel following a linear chain of inclusions by hopping from inclusion to inclusion by employing strongly localized resonances of p-type symmetry.
